Recently John H. Schwarz put forward a conjecture that the world-volume action of a probe D3-brane in an AdS 5 × S 5 background of type IIB superstring theory can be reinterpreted as the highly effective action (HEA) of four-dimensional N = 4 superconformal field theory on the Coulomb branch. We argue that the HEA can be derived from the noncommutative (NC) field theory representation of the AdS/CFT correspondence and the Seiberg-Witten (SW) map defining a spacetime field redefinition between ordinary and NC gauge fields. It is based only on the well-known facts that the master fields of large N matrices are higher-dimensional NC U(1) gauge fields and the SW map is a local coordinate transformation eliminating U(1) gauge fields known as the Darboux theorem in symplectic geometry.
Introduction
Recently John H. Schwarz conjectured [1] that the world-volume action of a probe p-brane in a maximally (or 3/4 maximal) supersymmetric spacetime containing AdS p+2 can be reinterpreted as the highly effective action (HEA) of a superconformal field theory in (p + 1)-dimensions on the Coulomb branch. The HEA is defined by taking a conformal gauge theory on the Coulomb branch and integrating out the massive fields, thereby obtaining an effective action in terms of massless Abelian multiplets only. Then the HEA is conjecturally identified with the world-volume action for a probe p-brane in an AdS p+2 × K background geometry with N units of flux threading a compact space K. Examples considered in [1] are a D3-brane in AdS 5 × S 5 , an M2-brane in AdS 4 × S 7 /Z k , a D2-brane in AdS 4 × CP 3 and an M5-brane in AdS 7 × S 4 . This conjecture was driven by a guiding principle [1] :
"Take coincidences seriously," with the observation that the probe brane theory has all of the expected symmetries and dualities. The brane actions fully incorporate the symmetry of the background as an exact global symmetry of the world-volume theory. For example, in the case of a D3-brane in AdS 5 × S 5 , this symmetry is the superconformal group P SU(2, 2|4). In this example, it also includes the SL(2, Z) duality group, which is known to be an exact symmetry of type IIB superstring theory. This conjecture may be further strengthened by showing that the world-volume actions describing probe branes in AdS space exhibit not only (super)conformal symmetry but also dual (super)conformal symmetry and, taken together, have an infinite-dimensional Yangian-like symmetry. 1 In this paper we will argue that the HEA can be derived from the noncommutative (NC) field theory representation of the AdS/CFT correspondence as recently formulated in [2] (see, in particular, section 6). Our argument is based only on the well-known facts that the master fields of large N matrices are higher-dimensional NC U(1) gauge fields [3, 4, 5, 6] and the Seiberg-Witten (SW) map [7] defining a spacetime field redefinition between ordinary and NC gauge fields is a local coordinate transformation eliminating U(1) gauge fields via the Darboux theorem in symplectic geometry [8, 9, 10, 11, 6] . The underlying math for the argument is rather fundamental. For simplicity, let us consider two-dimensional NC space, denoted by R 
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The representation space of the Heisenberg algebra (1.3) is given by the Fock space defined by H = {|n | n ∈ Z ≥0 }, (1.4) which is orthonormal, i.e., n|m = δ n,m and complete, i.e., ∞ n=0 |n n| = 1 H , as is well-known from quantum mechanics.
A crucial, though elementary, fact for our argument is that the NC space R 
|n n| Φ 1 (x, y)|m m| := ∞ n,m=1
(Φ 1 ) nm (x)|n m|,
|n n| Φ 2 (x, y)|m m| := ∞ n,m=1
(Φ 2 ) nm (x)|n m|, (1.5) where Φ 1 (x) and Φ 2 (x) are N ×N matrices in C ∞ (R d−1,1 )⊗A N . Then one gets a natural composition rule for the products
|n n| Φ 1 (x, y)|l l| Φ 2 (x, y)|m m|
(Φ 1 ) nl (x)(Φ 2 ) lm (x)|n m|.
(1.6)
The above composition rule implies that the ordering in the NC algebra A θ is compatible with the ordering in the matrix algebra A N and so it is straightforward to translate multiplications of NC fields in A θ into those of matrices in A N using the matrix representation (1.5) without any ordering ambiguity.
It is easy to generalize the matrix representation to 2n-dimensional NC space R 2n θ whose coordinate generators obey the commutation relation f (x, y) g(x, z)| y=z .
(1.8)
Therefore, in order to formulate a gauge theory on R d−1,1 × R 2n θ , it is necessary to dictate the gauge covariance under the NC star product (1.8) . The covariant field strength of NC U(1) gauge fields A M (Y ) = ( A µ , A a )(x, y) is then given by
(1.9)
Using the matrix representation (1.5), one can show [3, 4, 5, 6 ] that the D = (d + 2n)-dimensional NC U(1) gauge theory is exactly mapped to the d-dimensional U(N → ∞) Yang-Mills theory:
where
We refer more details to the section 6.1 of Ref. [2] . We emphasize that the equivalence between the D-dimensional NC U(1) gauge theory (1.10) and d-dimensional U(N → ∞) Yang-Mill theory (1.11) is an exact mathematical identity, not a dimensional reduction, and has been known long ago, for example, in [3, 4] . A remarkable point is that the resulting matrix models or large N gauge theories described by the action (1.11) arise as a nonperturbative formulation of string/M theories. For instance, we get the IKKT matrix model for d = 0 [12] , the BFSS matrix quantum mechanics for d = 1 [13] and the matrix string theory for d = 2 [14] . The most interesting case arises for d = 4 and n = 3 which suggests an engrossing duality that the 10-dimensional NC U(1) gauge theory on R 3,1 × R 6 θ is equivalent to the bosonic action of 4-dimensional N = 4 supersymmetric U(N) Yang-Mills theory, which is the large N gauge theory of the AdS/CFT duality [15, 16, 17] . According to the large N duality or gauge/gravity duality, the large N matrix model (1.11) is dual to a higher dimensional gravity or string theory. Hence it should not be surprising that the D-dimensional NC U(1) gauge theory should describe a theory of gravity (or a string theory) in D dimensions. Nevertheless the possibility that gravity can emerge from NC U(1) gauge fields has been largely ignored until recently. But the emergent gravity picture based on NC U(1) gauge theory [2, 6, 18] debunks that this coincidence did not arise by some fortuity. Here we want to take an advantage following the advice of John H. Schwarz [1] : "Take coincidences seriously."
In this paper, we will seriously take the equivalence between the D-dimensional NC U(1) gauge theory (1.10) and d-dimensional U(N → ∞) Yang-Mill theory (1.11) to derive the HEA conjectured in [1] . It is to be hoped that we also clarify why the emergent gravity from NC gauge fields is actually the manifestation of the gauge/gravity duality or large N duality in string/M theories. We think that the emergent gravity from NC gauge fields opens a lucid avenue to understand the gauge/gravity duality such as the AdS/CFT correspondence. While the large N duality is still a conjectural duality and its understanding is far from being complete to identify an underlying first principle for the duality, it is possible [2, 6, 18] to reasonably identify the first principle for the emergent gravity from NC U(1) gauge fields and to derive in a systematic way gravitational variables from gauge theory quantities. Moreover it can be shown [2] that the 4-dimensional N = 4 supersymmetric U(N) YangMills theory is equivalent to the 10-dimensional N = 1 supersymmetric NC U(1) gauge theory on R 3,1 × R 6 θ if we consider the Moyal-Heisenberg vacuum (1.7) which is a consistent solution of the former -the N = 4 super Yang-Mills theory. Here is a foothold for our departure.
The paper is organized as follows. In section 2 we review the result in Ref. [2] showing that the four-dimensional N = 4 superconformal field theory on the Coulomb branch defined by the NC space (1.7) is equivalent to the ten-dimensional N = 1 supersymmetric NC U(1) gauge theory. In section 3 we consider the ten-dimensional N = 1 NC U(1) super Yang-Mills theory (2.8) as a nontrivial leading approximation of the supersymmetric completion of the NC DBI action. The supersymmetric completion is postponed to section 5. In section 4, we identify a commutative DBI action which is mapped to the NC one by the exact SW map defining a spacetime field redefinition between ordinary and NC gauge fields [7] . It is observed that the spacetime geometry dual to fourdimensional large N matrices or ten-dimensional NC U(1) gauge fields is simply derived from the Darboux transformation eliminating U(1) gauge fields whose statement is known as the Darboux theorem in symplectic geometry. We also identify a possible candidate giving rise to AdS 5 × S 5 geometry. It is also shown that the duality between NC U(1) gauge fields and gravitational fields is the SW map between commutative and NC U(1) gauge fields. See Eq. (4.20) . We thus argue that the emergent gravity from NC gauge fields is the manifestation of the gauge/gravity duality or large N duality in string/M theories [2] . In section 5, we derive the worldvolume action of a probe D3-brane in AdS 5 × S 5 geometry from the DBI action of ten-dimensional NC U(1) gauge fields which was obtained from the four-dimensional N = 4 superconformal field theory on the Coulomb branch. We consider a supersymmetric D9-brane with the local κ-symmetry [19, 20, 21, 22] to yield the supersymmetric version of DBI actions. We finally identify the supersymmetric worldvolume action of a probe D3-brane in AdS 5 × S 5 geometry with the HEA conjectured by John H. Schwarz [1] .
In section 6, we discuss why the emergent gravity from NC gauge fields provides a lucid avenue to understand the gauge/gravity duality such as the AdS/CFT correspondence [15, 16, 17] . We conclude the paper with a few speculative remarks.
NC U (1) gauge fields from large N matrices
The AdS/CFT correspondence [15, 16, 17] implies that a wide variety of quantum field theories provide a nonperturbative realization of quantum gravity. In the AdS/CFT duality, the dynamical variables are large N matrices and so gravitational physics at a fundamental level is described by NC operators. We argued in [2] that the AdS/CFT correspondence is a particular case of emergent gravity from NC U(1) gauge fields. An underlying argumentation is to realize the equivalence between the actions (1.10) and (1.11) in a reverse way by observing that the Moyal-Heisenberg vacuum (1.7) is a consistent vacuum solution of the N = 4 super Yang-Mills theory. It is easy to understand an underlying logic and so we recapitulate only the essential points deferring to [2] on a detailed description. The action of four-dimensional N = 4 super Yang-Mills theory is given by [23] 
Consider a vacuum configuration defined by
Assume that the vacuum expectation value (vev) p a ∈ A N (N → ∞) satisfies the Moyal-Heisenberg algebra
Of course the commutation relation (2.3) is meaningful only when we take the limit N → ∞. It is obvious that the vacuum configuration (2.2) in this limit is definitely a solution of the theory. We emphasize that the vev (2.2) of adjoint scalar fields does not break four-dimensional Lorentz symmetry. Actually the vacuum algebra (2.3) refers to NC space R 
whose field strength is given by
Thus the correspondence between the NC ⋆-algebra A θ and the matrix algebra A N = End(H) under the Moyal-Heisenberg vacuum (2.3) implies that the master fields of large N matrices are higherdimensional NC U(1) gauge fields. In the end large N matrices in N = 4 vector multiplet on R 
where B-fields take the same form as Eq. (1.10). Now the fermion Ψ(Y ) is a 10-dimensional gaugino, the superpartner of the 10-dimensional NC U(1) gauge field A M (x), that is the Majorana-Weyl spinor of SO(9, 1). The action (2.8) is invariant under N = 1 supersymmetry transformations given by
It should be remarked that the relationship between the 4-dimensional U(N) super Yang-Mills theory (2.1) and 10-dimensional NC U(1) super Yang-Mills theory (2.8) is not a dimensional reduction but they are exactly equivalent to each other. Therefore any quantity in lower-dimensional U(N) gauge theory can be transformed into an object in higher-dimensional NC U(1) gauge theory using the compatible ordering (1.6) [2] . The coherent condensate (2.2) is described by vev's of adjoint scalar fields. We define a very infrared limit as |θ| → 0 or no y-dependence of NC gauge fields, i.e.,
∂y a = 0. In this limit the 10-dimensional NC U(1) gauge fields are reduced to 4-dimensional ordinary U(1) gauge fields and scalar fields whose field strengths are given by
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We will call the vacuum (2. with the unbroken U(1) gauge group. Hence the Coulombic vacuum (2.2) is compatible with the usual definition of the Coulomb branch. We also remark that the conformal symmetry of 4-dimensional N = 4 super Yang-Mills theory is spontaneously broken by the vev (2.2) of scalar fields because it introduces a NC scale |θ| ≡ l 2 N C . But it needs not be specified because the theories with different θ's are SW-equivalent [7] . These are also a typical feature of the Coulomb branch.
Under a Coulomb branch described by the coherent condensate (2.2), large N matrices in N = 4 supersymmetric gauge theory can be regarded as a linear representation of operators acting on a separable Hilbert space H that is the Fock space of the Moyal-Heisenberg vacuum (2.3). Therefore an important point is that a large N matrix Φ(x) on four-dimensional spacetime R 3,1 in the limit N → ∞ on the Coulomb branch (2.2) can be represented by its master field Φ(x, y) which is a higher-dimensional NC U(1) gauge field or its superpartner. Since the large N gauge theory (2.1) on the Coulomb branch (2.2) is mathematically equivalent to the NC U(1) gauge theory described by the action (2.8), it should be possible to isomorphically map the 10-dimensional NC U(1) super YangMills theory to a 10-dimensional type IIB supergravity according to the AdS/CFT correspondence [15, 16, 17] . Indeed the emergent gravity from NC U(1) gauge fields provides the first principle to found the large N duality or gauge/gravity duality in a systematic way [2, 6, 18] .
Commutative and NC D-branes
The worldvolume action for a Dp-brane can be viewed as (p + 1)-dimensional nonlinear sigma model with a target space M where the embedding functions X M (σ) define a map X : W → M from the
. This embedding induces a worldvolume metric
The D-brane action in general contains a dilaton coupling e −φ where φ is the 10-dimensional dilaton field. Then the string coupling constant is defined by g s = e φ where the vev φ at hand is assumed to be constant. The worldvolume also carries U(1) gauge fields A α (σ) with field strength
Recall that the Dirac-Born-Infeld (DBI) action is a nonlinear generalization of electrodynamics with self-interactions of U(1) gauge fields and reproduces the usual Maxwell theory at quadratic order. In string theory a generalization of this action appears in the context of Dp-branes. Open strings ending on the Dp-brane couple directly to closed string background fields 
is the total U(1) field strength and the Dp-brane tension is given by
In general the DBI action (3.3) contains derivative corrections O( √ κ∂F, · · · ). However we will ignore possible terms involving higher derivatives of fields since we are mostly interested in the approximation that worldvolume fields are slowly varying. We will also consider the probe brane approximation ignoring the backreaction of the brane on the geometry and the other background fields. The worldvolume theory of a D-brane is given as the sum of two terms S = S 1 + S 2 . The first term S 1 is given by the DBI action (3.3) and the second term S 2 is the form of the Wess-Zumino-type given by
where the coupling to background RR n-form gauge fields is collected in the formal sum
The coupling S 2 is a characteristic feature of D-branes that they carry an RR charge [24] and support the worldvolume gauge fields (3.2). Some important remarks are in order. The DBI action (3.3) respects several local gauge symmetries. It has (p + 1)-dimensional general coordinate invariance since the integrand transforms as a scalar density in Diff(W ). It also admits the so-called Λ-symmetry:
where the two-form B ≡ X * B bulk is the pull-back of target space B-field B bulk to the worldvolume W and the gauge parameter Λ is a one-form in Γ(T * W ). Let (W, B) be a symplectic manifold. The symplectic structure B is a nondegenerate, closed two-form, i.e. dB = 0, and so it can be locally written as B = dξ by the Poincaré lemma. The B-field transformation (3.8) can then be understood as a shift of the canonical one-form, ξ → ξ − Λ. An important point for us is that the symplectic structure defines a bundle isomorphism B :
is the Lie derivative with respect to the vector field X. Since vector fields are infinitesimal generators of local coordinate transformations, in other words, Lie algebra generators of Diff(W ), the B-field transformation (3.8) can be identified with a coordinate transformation generated by a vector field X ∈ Γ(T W ). Consequently the Λ-symmetry (3.8) can be considered on par with diffeomorphisms [2, 6] . Moreover it is well-known [19, 20, 21, 22] that the D-brane worldvolume theory has a local fermionic symmetry called "κ-symmetry" if fermion coordinates ψ α (α = 1, · · · , 32) are included in the target spacetime with supercoordinates
. See a recent review [25] for brane effective actions with the κ-symmetry. In sum, the worldvolume theory of a supersymmetric D-brane admits the following local gauge symmetries: (I) Diff(W ), (II) Λ-symmetry, and (III) κ-symmetry. We can use the general coordinate invariance of the action S = S 1 + S 2 to eliminate unphysical degrees of freedom. We choose a static gauge so that
where µ = 0, · · · , p and a = p + 1, · · · , 9. The (9 − p) coordinates φ a (x) will be identified as the worldvolume scalar fields of the Dp-brane. In this gauge the metric (3.1) becomes
where we assumed g M N (X) = η M N for the target spacetime. Now we focus on a D9-brane for which there are no worldvolume scalar fields, i.e., φ a = 0 and so
Suppose that the D9-brane supports the two-form B-field with rank(B) = 6. In this case it is convenient to split the worldvolume coordinates X M = σ M in the static gauge into two parts,
Then the total field strength (3.4) takes the form
It is well-known [7] that the open string gives rise to the NC geometry when the two-form B-field is present on a D-brane worldvolume. The D-brane dynamics in the static gauge is then described by U(1) gauge fields on a NC spacetime with coordinates Y M = (x µ , y a ) obeying the commutation relation (1.7). The resulting DBI action on the NC D9-brane is given by
where the NC U(1) field strength F M N (Y ) is given by Eq. (1.9) and the NC D9-brane tension is
The open string moduli (G, Φ, G s ) in the NC description (3.11) are related to the closed string moduli (g, B, g s ) in the commutative description (3.3) by [7] 
where the two-form Φ parameterizes some freedom in the description of commutative and NC gauge theories. It is worthwhile to remark that the NC DBI action (3.11) can be obtained by applying the (exact) SW map to the commutative one (3.3) [10, 26, 27] , as will be shown later. Similarly the WessZumino-type term S 2 for the NC D9-brane can be obtained from the RR couplings in Eq. (3.6) for a commutative D9-brane by considering the (exact) SW map [10, 28] . Let us expand the NC DBI action (3.11) in powers of κ. First note that
and so TrM = 0. At nontrivial leading orders, we find
17) where the 10-dimensional Yang-Mills coupling constant is given by
In our case at hand, the open string metric can be set to be flat, i.e., G M N = η M N . The first term of S 1 is a vacuum energy due to the D-brane tension which will be canceled against a contribution from S 2 [1, 15] . The second term is precisely equal to the bosonic part of the action (2.8) when the background independent prescription is employed, i.e., Φ = −B [7] . Therefore we will consider the 10-dimensional N = 1 NC U(1) super Yang-Mills theory (2.8) as a nontrivial leading approximation of the supersymmetric completion of the NC DBI action (3.11). The supersymmetric completion with the κ-symmetry will be discussed in section 5.
AdS/CFT correspondence from NC U (1) gauge fields
In their famous paper [7] , Seiberg and Witten showed that there exists an equivalent commutative description of the low energy effective theory for the open string ending on a D-brane. From the point of view of open string sigma model, an explicit form of the effective action depends on the regularization scheme of two-dimensional field theory. The difference due to different regularizations is always in a choice of contact terms, leading to the redefinition of coupling constants which are spacetime fields. So low energy field theories defined with different regularizations should be related to each other by the field redefinitions in spacetime. Now we will explain how the NC DBI action (3.11) arises from a low energy effective action in a curved background that will be identified with the HEA speculated by John H. Schwarz [1] . First we identify a commutative description that is SWequivalent to the NC DBI action (3.11) . From a conventional approach, the answer is obvious. It is given by the D9-brane action (3.3) (with p = 9) with the field strength (3.10). But, for our purpose, it is more proper to consider the NC DBI action (3.11) as a particular commutative limit of the full NC D9-brane described by the star product
. We implicitly assumed the Wick rotation, R 9,1 → R 10 , although it is simply formal because we eventually come back to the space R 3,1 × R 6 θ . For this purpose, it is convenient to take the split Θ M N = (ζ µν , θ ab ) where an SO(10) rotation was used to put ζ µa = 0. We intend to understand the star product (1.8) as a particular case of Eq. (4.1) with ζ µν = 0. Later we will explain why the star product (4.1) is more relevant for our context, especially, from the viewpoint of emergent spacetime. Hence we need to identify a commutative DBI action that is SW-equivalent to the NC DBI action (3.11), instead, using the star product (4.1). It is given by the D9-brane action (3.3) with the U(1) field strength
where B = Θ −1 and rank(B) = 10. We will assume that F is also nondegenerate, i.e., det(1+F Θ) =
0.
In order to derive the HEA, it is enough only to employ the logic expounded in the appendix A in Ref. [2] . Note that F in Eq. (4.2) is the gauge invariant quantity under the Λ-symmetry (3.8). In other words, the dynamical U(1) gauge fields should appear only as the combination (4.2). In particular, we can use the Λ-symmetry (3.8) so that the B-field in Eq. (4.2) is constant. Then dB = 0 trivially and B is nondegenerate because of rank(B) = 10. Therefore (R 10 , B) is a symplectic manifold. Moreover, (R 10 , F ) is also a symplectic manifold since dF = 0 and F is nondegenerate by our assumption.
Then we can realize an important identity
as we explained below Eq. (3.8). It implies that there exists a local coordinate transformation φ ∈ Diff(M) such that φ
This statement is the famous theorem in symplectic geometry known as the Darboux theorem [29, 30] . Its global statement is known as the Moser lemma [31] . The Darboux theorem states that it is always possible to find a local coordinate transformation φ ∈ Diff(M) which eliminate dynamical U(1) gauge fields in F . That is, in terms of local coordinates, there exists φ : Y → X = X(Y ) so that
If we represent the local coordinate transformation by
Eq. (4.4) can be written as
where we introduced the Poisson bracket defined by
for f, g ∈ C ∞ (R 10 ). We will call A M (Y ) in Eq. (4.5) symplectic gauge fields and X M (Y ) covariant (dynamical) coordinates. The field strength of symplectic gauge fields is defined by
Then Eq. (4.6) gives us the relation
By solving this equation, we yield the semi-classical version of the SW map [8, 9, 10] :
10) 11) where the second equation is derived from Eq. (4.4) by taking the determinant on both sides. The coordinate transformation (4.4) leads to the identity
where the dynamical (emergent) metric is defined by
The identity (4.12) in turn leads to a remarkable identity between DBI actions:
It is straightforward to derive the second identity (4.15) by using Eqs. (3.13) and (3.14) and the SW maps (4.10) and (4.11). For the derivation of Eq. (4.15), see Eq. (5.10) in Ref. [10] and section 3.4 of Ref. [26] . It may be instructive to check Eq. (4.15) by expanding the right-hand side (RHS) of Eq. (4.14) around the background B-field, i.e.,
and
But it is not difficult to show that TrM 2n = Tr(gP) 4.19) using the expansion of the determinant (see Eq. (4.30) in Ref. [21] ). Then, using the result (4.9), the expansion in Eq. (4.16) can be arranged into the form
are the open string metric and coupling constant, respectively, in the background independent prescription, i.e., Φ = −B [7] . NC U(1) gauge fields are obtained by quantizing symplectic gauge fields. The quantization in our case is simply defined by the canonical quantization of the Poisson algebra P = (C ∞ (R 10 ), {−, −} Θ ).
The quantization map Q :
for f, g ∈ C ∞ (R 10 ) and f , g ∈ A θ . The above star product is given by Eq. (4.1). The DBI action (3.11) for the NC D9-brane relevant to the NC U(1) gauge theory (2.8) is then obtained by simply considering a particular NC parameter Θ M N = (ζ µν , θ ab ) with ζ µν = 0. We understand the limit
where the open string metric in Eq. (4.21) was used. This means that g µν + κB µν = (δ ρ µ + κB µλ g λρ )g ρν ≈ g µν , in other words, the metric part in the DBI background g µν + κB µν is dominant so that the B-field part can be ignored. Why do we need to take the limit ζ µν → 0 instead of simply putting ζ µν = 0? Actually the answer is involved with the most beautiful aspect of emergent gravity. In the emergent gravity picture, any spacetime structure is not assumed a priori but defined by the theory itself. In a sonorous phrase, the theory of emergent gravity must be background independent. Hence it is necessary to define a configuration in the algebra A θ , for instance, like Eq. (1.7), to generate any kind of spacetime structure, even for flat spacetime. Emergent gravity then says that the flat spacetime is emergent from the Moyal-Heisenberg algebra (1.7). In other words, even the flat spacetime must have a dynamical origin [2, 6, 18] , which is absent in general relativity. This picture may also be convinced by gazing up at the identity (4.14). Note that the dynamical variables on the RHS of Eq. (4.14) are (emergent) metric fields, G M N (Y ), whereas they on the left-hand side (LHS) are U(1) gauge fields, F M N (X), in a specific background (g, B) . Therefore the gravitational fields G M N (Y ) are completely determined by dynamical U(1) gauge fields and so the former is emergent from the latter. When U(1) gauge fields are turned off, the emergent metric reduces to the flat metric, i.e., G M N = g M N . But the background B-field still persists and it can be regarded as a vacuum gauge field A (0)
Then it is natural to think that the flat metric g M N is emergent from the vacuum gauge fields A
M . This remarkable picture can be rigorously confirmed from a background independent formulation, e.g., matrix models [2, 6, 18] . In consequence, any spacetime structure did not exist a priori but the existence of spacetime requires a coherent condensate of vacuum gauge fields. Nature allows "no free lunch." As a result, the usual commutative spacetime has to be understood as a commutative limit of NC spacetime as we advocated above. Indeed we do not know how to reproduce the NC DBI action (3.11) via the identity (4.14) starting with the U(1) field strength (3.10). 3 Note that the coordinate transformation (4.4) to a Darboux frame is defined only locally and symplectic or NC gauge fields have been introduced to compensate local deformations of an underlying symplectic structure by U(1) gauge fields, i.e., the Darboux coordinates in φ : Y → X = X(Y ) ∈ Diff(R 10 ) obey the relation φ * (B + F ) = B. The identity (4.20) also manifests this local nature of NC gauge fields because they manifest themselves only in a locally inertial frame (in free fall) with the local metric (4.13) [2] . If the gravitational metric in Eq. (4.20) were represented by a global form, e.g.,
M are elements of a global coframe on an emergent 10-dimensional manifold M, it would be difficult to find an imprint of symplectic or NC gauge fields in the expression (4.24).
Recall that the basic program of differential geometry is that all the world can be reconstructed from the infinitely small. For example, manifolds are obtained by gluing open subsets of Euclidean space. So the differential forms and vector fields on a manifold are defined locally and then glued together to yield a global object. The gluing is possible because these objects are independent of the choice of local coordinates. In reality this kind of globalization of a (spacetime) geometry by gluing local data might be enforced because global comparison devices are not available owing to the restriction of the finite propagation speed. Indeed the global metric (4.24) can be constructed in a similar way. First note that the D9-brane described by the LHS of Eq. (4.14) supports a line bundle L → R 10 over a symplectic manifold (R 10 , B 
and (A (j) , Y (j) ) on Darboux charts U i and U j , respectively, are glued together by [32, 33] 
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where ϕ (ji) is a symplectomorphism on U i ∩U j generated by a Hamiltonian vector field X λ (ji) obeying ι X λ (ji) B + dλ (ji) = 0. Note that the symplectomorphism is a canonical transformation preserving the Poisson structure Θ = B −1 and can be identified with a NC U(1) gauge transformation upon quantization [11] . Since the local metric (4.13) is the incarnation of symplectic gauge fields in a Darboux frame, the gluing of local Darboux charts can be translated into that of emergent metrics in locally inertial frames from the viewpoint of the RHS of Eq. (4.14). This kind of gluing should be well-defined because every manifold can be constructed by gluing open subsets of Euclidean space together and both sides of Eq. (4.14) are coordinate independent and so local Darboux charts can be consistently glued altogether. See Ref. [34] to illuminate how a nontrivial topology of an emergent manifold can be implemented by gluing local data i∈I (
It is in order to ponder on the results obtained. We showed in section 2 that the 4-dimensional N = 4 super Yang-Mills theory in the Coulomb branch (2.2) is equivalent to the 10-dimensional N = 1 supersymmetric NC U(1) gauge theory. And we considered the resulting 10-dimensional NC U(1) gauge theory as a low-energy effective theory of supersymmetric NC D9-brane. Finally we got the important identity (4.20) that the dynamics of NC U(1) gauge fields after ignoring fermion fields is completely encoded into a 10-dimensional emergent geometry described by the metric (4.24). According to the AdS/CFT correspondence, it is natural to expect that the metric (4.24) must describe a 10-dimensional emergent geometry dual to the 4-dimensional N = 4 super Yang-Mills theory. An immediate question to arise is how to realize the AdS 5 × S 5 vacuum geometry in our context.
Since there is no reason to further reside in Euclidean space, let us go back to a Lorentzian spacetime with the NC parameter Θ M N = (ζ µν = 0, θ ab = 0) by Wick rotation. In order to pose the above question, let us consider a more general vacuum geometry which is conformally flat. That is, we are interested in a background geometry with the metric given by
There are two interesting cases which are conformally flat [2] : 
This can be confirmed by looking at the vacuum configuration (2.2). Note that, from the 4-dimensional gauge theory point of view, the vacuum configuration (2.2) simply represents a particular configuration of large N matrices and it is connoted as an extra 6-dimensional "emergent" space only in 10-dimensional description. Its tangible existence must be addressed from the RHS of Eq. (4.14). (See section 1 in Ref. [2] for the rationale underlying this reasoning.) Then it is easy to prove that the emergent metric (4.13) for the vacuum configuration (2.2) is precisely the flat Minkowski spacetime (4.28). Note that a Darboux chart (U, ϕ) in this case can be extended to entire spacetime and so it is not necessary to consider the globalization prescribed before. Now a perplexing problem is to understand what is the gauge field configuration to realize the vacuum geometry (4.29) . In order to figure out the problem, it is necessary to find a stable configuration of NC or large N gauge fields and so certainly a supersymmetric or BPS state. And this configuration must be consistent with the isometry of the vacuum geometry (4.27), in particular, preserving SO(6) R Lorentz symmetry as if a hydrogen atom preserves SO(3) symmetry. It was conjectured in [2] that the AdS 5 × S 5 geometry arises from the stack of NC Hermitian U(1) instantons at origin in the internal space R 6 like a nucleus containing a lot of nucleons. The NC Hermitian U(1) instanton obeys the Hermitian Yang-Mills equations given by . Thus, if we include NC corrections containing higher-order derivatives of field strengths, the LHS of Eq. (4.20) will receive derivative corrections introducing a higher-order gravity in the emergent geometry [11] .
In conclusion, the AdS/CFT correspondence is a particular example of emergent gravity from NC U(1) gauge fields. And the duality between large N gauge fields and a higher-dimensional gravity is simply a consequence of the novel equivalence principle stating that the electromagnetic force can 4 Given the metric (4.27) of AdS 5 × S 5 geometry on the LHS of Eq. (4.20), we may simply assume that we have solved Eq. (4.20) to find some configuration of U (1) gauge fields which gives rise to the AdS 5 × S 5 geometry. This may be a safe way to avoid a hazard for the possibility that our speculation could be wrong. Nevertheless we will assume that our conjecture is true because the argument can proceed with impunity whatever it is true or not.
always be eliminated by a local coordinate transformation as far as spacetime admits a symplectic structure, in other words, a microscopic spacetime becomes NC [2, 6] .
HEA from NC U (1) gauge fields
Now we are ready to derive the HEA of four-dimensional N = 4 superconformal field theory on the Coulomb branch. According to the conjecture [1] , the HEA should be a U(1) gauge theory in the AdS 5 × S 5 geometry with N units of flux threading S 5 . The vacuum configuration for the background geometry (4.29) is given by
where A a is a solution of Eq. (4.30) describing N NC Hermitian U(1) instantons in 6 dimensions. We introduce fluctuations around the vacuum (5.1) and represent them as
whose field strengths are given by
We will include fermions later. Note that we assumed that the instanton connection ∇ a (y) depends only on NC coordinates in extra dimensions. Hence the solution has a translational invariance along R 3,1 which means that the solution describes extended objects along R 3,1 . They were conjecturally identified with N D3-branes in [2] . Since the SW relation between commutative and NC gauge theories is true for general gauge fields, we can apply to the gauge fields in Eqs. (5.2) and (5.3) the SW maps
where F ≡ B + F + f is the total U(1) field strength including the background instanton part F ab and the fluctuation part
The result will be given by the following equivalence
But we can also apply the Darboux transformation (4.4) to the field strength F such that the Darboux coordinates Z M eliminate only the instanton gauge fields F ab . Then we will get the following identity
with a M = ∂X P ∂Z M a P . This leads to an enticing result
We can check the consistency of the above identities by showing that Eq. (5.13) can be derived from the RHS of Eq. (5.12). Consider a Darboux transformation φ 1 :
Then it leads to the identity
The previous Darboux transformation (5.10) satisfies φ * 2 (B + F ) = B where φ 2 :
which, in Eq. (5.15), has been combined with φ 1 , i.e.,
Note that we can put A µ = 0 by our assumption. Using the identity (5.14), we can derive the following equivalence between DBI actions:
By applying the same method as Eq. (4.20) and using the coordinates (5.16), it is straightforward to derive Eq. (5.13) from the RHS of Eq. (5.17). Now we consider a low energy limit by ignoring any y-dependence for fluctuations, similarly to Eqs. (2.10)-(2.12), but leaving the background intact. Then the fluctuating U(1) field strengths on the LHS of Eq. (5.17) reduce to
The conformally flat metric (4.27) takes the form
where dx · dx = η µν dx µ dx ν . This form of the metric can be transformed into the metric form used in [1] by a simple inversion ρ = 1/v:
where dv · dv = dv a dv a . Since we assumed that the low energy theory does not depend on the coordinates y a of extra dimensions, we will try to reduce the 10-dimensional theory to a 4-dimensional effective field theory. For this purpose, first let us consider the block matrix
where we put B µν = 0 according to the reasoning explained in section 4. Even we may take the approximation λ 2 δ ab + κB ab ≈ λ 2 δ ab because the low energy limit applied to Eq. (5.18) is basically equivalent to θ ab → 0 and so the metric part is dominant similarly to the reasoning below Eq. (4.23).
Considering the fact that NC corrections in NC gauge theory correspond to 1/N expansions in large N gauge theory [11] , the approximation considered can be interpreted as the planar limit in AdS/CFT correspondence. Using the determinant formula for a block matrix
we get the following relation
Suppose that a D3-brane is embedded in 10-dimensional target spacetime M with local coordinates X M = (x µ , φ a ) whose metric is given by G M N (X). To be specific, we consider M = AdS 5 ×S
5
and choose a static gauge for the embedding functions, i.e., 
Therefore, in the approximation considered above, we get the identity
where the subscript in the determinant indicates the size of matrix. Using the identity (5.25), we can reduce the 10-dimensional DBI action in AdS 5 × S 5 geometry to a 4-dimensional DBI action given
is a regularized integral along the AdS radius. We identify the DBI action in the bracket in Eq. A demanding task is to understand how to derive the coupling (3.6) of background RR gauge fields from the 4-dimensional N = 4 superconformal field theory. Actually this issue is closely related to our previous conjecture for a possible realization of D3-branes in terms of NC Hermitian U(1) instantons. Hence we will only draw a plausible picture based on this conjecture. If the conjecture is true, N D3-branes correspond to a stack of N NC Hermitian U(1) instantons at origin of R 6 . Then, this instanton configuration generates a topological invariant given by (up to normalization)
where Ω is a Kähler form on R 6 . The topological invariant I refers to the instanton number N and so we identify I = 2πN. Since the "instanton flux" is threading S 5 = ∂R 6 and the instanton flux emanating from the origin is regarded as a background field, we make a simple identification for the five-form in Eq. (5.28):
where µ 3 is the basic unit of D3-brane charge and k 3 is a coefficient depending on the normalization convention. In the AdS/CFT correspondence, F 5 is the self-dual RR five-form of N D3-branes given by
Although we do not pin down the origin of the self-duality, the self-duality is necessary for the conjecture to be true because it implies that the topological charge of NC U(1) instantons can be interpreted as the RR-charge of D3-branes, i.e.,
where W = ∂(AdS 5 ). Besides the background instanton gauge fields, there exist worldvolume U(1) gauge fields and they can induce a well-known topological instanton coupling given by
Combining these two couplings leads to a moderate (if any) suggestion for the Wess-Zumino coupling in Eq. (3.6) given by [1]
Now we will include the Majorana-Weyl fermion Ψ(Y ) in the HEA. This means that we are considering a supersymmetric D9-brane which respects the local κ-symmetry [19, 20, 21, 22] . Thus we use the κ-symmetry to eliminate half of (ψ 1 , ψ 2 ) coordinates where ψ 1,2 are two Majorana-Weyl spinors of the same chirality. We adopt the gauge choice, ψ 1 = 0, used in Ref. [19] and rename ψ 2 := ψ. It was shown in [19] that in this gauge the supersymmetric extension of 10-dimensional DBI action has a surprisingly simple form. The supersymmetric case also respects the identity (5.12) with the following replacement 
Then it leads to the following identity
The above identity (5.36) leads to the following equivalence between DBI actions: 
Note that TrM = 0 unlike the bosonic case. Using the formula, det(1 + A) = exp
it is not difficult to show that
In terms of the matrix notation, the matrix on the RHS of Eq. (5.41) can be read as
where the NC field strengths F M N including an instanton background are given by Eqs. (5.4)-(5.6). Using the result (5.42), one can calculate the fermionic term, GΘΥPB = −κ 2 Bg −1 ΥPB, which takes the form
In the end, we get the supersymmetric version of Eqs. (5.12) and (5.13):
Let us redefine the fermion field, Ψ ≡ (2κT 9 ) Before proceeding further, let us first address some subtle issues regarding to the equivalence in Eqs. (5.46) and (5.47). The first one is that an interpretation for the factor δ
is not clear from the point of view of NC U(1) gauge theory. Note that ∂ P ψ = ∂ψ/∂X P and the Darboux transformations did not touch the factor. Hence this factor behaves like a background part induced from the backreaction of fermions at higher orders. Therefore a plausible picture from the viewpoint of NC U(1) gauge fields is to interpret this factor as vielbeins
N g AB and write
Then the gamma matrices T M satisfy the Dirac algebra
Of course, if we ignore the backreaction from the fermions, we recover the previous Dirac term (5.44) in flat spacetime. Another issue is how to glue local Darboux charts now involved with fermions as well as bosons. We argued before that the global metric (4.24) can be constructed via the globalization in terms of the gluing of local Darboux charts described in Eqs. (4.25) and (4.26) . Or the local frames in the metric (5.11) are replaced by global vielbeins [2] :
Then the gamma matrices in Eq. (5.35) will also be replaced by
Now it is also necessary to glue the fermions defined on local Darboux patches by local Lorentz transformations
acting on fermions on an intersection U i ∩ U j . As usual, we introduce a spin connection ω M = 1 2 ω M AB γ AB to covariantize the local gluing (5.52). This means that the fermionic terms in Eq. (5.35) are now given by
where the covariant derivative is defined by
The spin connections ω M are determined by the metric (5.19) . Therefore the block matrix (5.21) for the supersymmetric case is replaced by
where we adopted the approximation (5.44) and
In order to get a four-dimensional picture after the dimensional reduction similar to Eq. (5.26), it is convenient to decompose the 16 components of the Majorana-Weyl spinor ψ into four the MajoranaWeyl gauginos λ i (i = 1, · · · , 4) as follows
where C is the four-dimensional charge conjugation operator and γ µ (4) are four-dimensional gamma matrices which should not be confused with the ten-dimensional ones in Eq. (5.56). After applying the formula (5.22) to the matrix (5.55), it is straightforward to yield the supersymmetric completion of the bosonic HEA obtained in Eq. (5.26) . Note that, after the gauge fixing, ψ 1 = 0, for the κ-symmetry, the Wess-Zumino term for the supersymmetric case is the same as the bosonic one (5.33) [19] . The final result can be interpreted as the worldvolume action of a supersymmetric probe D3-brane in the AdS 5 × S 5 background geometry. According to the conjecture in Ref. [1] , it can be reinterpreted as the HEA of four-dimensional N = 4 superconformal field theory on the Coulomb branch. We emphasize that we directly derived the HEA from the four-dimensional N = 4 superconformal field theory on the Coulomb branch defined by the NC space (2.3).
Discussion
We want to emphasize that NC spacetime should be regarded as a more fundamental concept from which classical spacetime should be derived as quantum mechanics is a more fundamental theory and the classical phenomena are emergent from quantum physics. Then the NC spacetime requires us to take a radical departure from the 20th century physics. First of all, it introduces a new kind of duality, known as the gauge/gravity duality, as formalized by the identity (4.20). But we have to recall that quantum mechanics has already illustrated such kind of novel duality where the NC phase space obeying the commutation relation [x i , p j ] = i δ i j is responsible for the so-called wave-particle duality. Remarkably there exists a novel form of the equivalence principle stating that the electromagnetic force can always be eliminated by a local coordinate transformation as far as spacetime admits a symplectic structure. The novel equivalence principle is nothing but the famous mathematical theorem known as the Darboux theorem or the Moser lemma in symplectic geometry [29, 30] . It proves the equivalence principle for the gravitational force in the context of emergent gravity. Therefore we may conclude [2, 6] that the NC nature of spacetime is the origin of the gauge/gravity duality and the first principle for the duality is the equivalence principle for the electromagnetic force.
The AdS/CFT correspondence [15, 16, 17 ] is a well-tested gauge/gravity duality and a typical example of emergent gravity and emergent space. But we do not understand yet why the duality should work. We argued that the AdS/CFT correspondence is a particular example of emergent gravity from NC U(1) gauge fields and the duality between large N gauge fields and a higher-dimensional gravity is simply a consequence of the novel equivalence principle for the electromagnetic force. We note [2, 6] that the emergent gravity from NC U(1) gauge fields is an inevitable conclusion as far as spacetime admits a symplectic structure, in other words, a microscopic spacetime becomes NC. Moreover the emergent gravity is much more general than the AdS/CFT correspondence because it holds for general background spacetimes as exemplified by the identity (5.17). Therefore we believe that the emergent gravity from NC gauge fields provides a lucid avenue to understand the gauge/gravity duality or large N duality.
For example, it is interesting to notice that the transformation (4.20) between NC U(1) gauge fields and an emergent gravitational metric holds even locally. Thus one may imagine an (infinitesimal) open patch U where the field strength F U of fluctuating U(1) gauge fields has a maximal rank such that (U, F U ) is a symplectic Darboux chart. Then one can apply the Darboux theorem on the local patch to transform the local U(1) gauge fields into a corresponding local spacetime geometry supported on U. But this local geometry is unfledged yet to be materialized into a classical spacetime geometry. Hence this kind of immature geometry describes a bubbling geometry or spacetime foams which intrinsically correspond to a quantum geometry. Even we may consider fluctuating U(1) gauge fields on a local patch U whose field strengths F U do not support the maximal rank. The dimension of emergent bubbling geometry will be determined by the rank of F U on U. This implies that the dimension of quantum geometries is not fixed but fluctuates. This picture is in a sense a well-known folklore in quantum gravity.
Then one may raise a question why NC spacetime reproduces all the results in string theory. The connection between string theory and symplectic geometry becomes most manifest by the Gromov's J-holomorphic curves. See section 7 in Ref. [2] for this discussion. The J-holomorphic curve for a given symplectic structure is noting but the minimal worldsheet in string theory embedded in a target spacetime. Moreover α ′ -corrections in string theory correspond to derivative corrections in NC gauge theory. In this sense the string theory can be regarded as a stringy realization of symplectic geometry or more generally Poisson geometry. But the NC spacetime provides a more elegant framework for the background indepedent formulation of quantum gravity in terms of matrix models [6, 18] which is still elusive in string theory. We showed that the worldvolume effective action of a supersymmetric probe D3-brane in AdS 5 × S 5 geometry can be directly derived from the four-dimensional N = 4 supersymmetric Yang-Mills theory on the Coulomb branch defined by the NC space (1.7). Since our result, for example, described by the identity (5.17) should be true for general U(1) gauge fields in an arbitrary background geometry, the remaining problem is to identify a corresponding dual (super)gravity whose solution coincides with the emergent metric G M N . One may use the method in Refs. [35, 36] to attack this problem. See also [37] . It was shown there that the worldvolume effective action of a probe D3-brane is a solution to the Hamilton-Jacobi equation of type IIB supergravity defined by the ADM formalism adopting the radial coordinate as time for type IIB supergravity reduced on S 5 . In particular the radial time corresponds to the vev of the Higgs field in the dual Yang-Mills theory as our case. It will be interesting to find the relation between the DBI action obtained in Refs. [35, 36] and the HEA derived in this paper.
Recently there have been some developments [38, 39] that describe D-branes in the framework of generalized geometry. A D-brane including fluctuations in a static gauge is identified with a leaf of foliations generated by the Dirac structure of a generalized tangent bundle and the scalar fields and vector fields on the D-brane are unified as a generalized connection [38] . It was also argued in [39] that the equivalence between commutative and NC DBI actions is naturally encoded in the generalized geometry of D-branes. In particular, when considering a D-brane as a symplectic leaf of the Poisson structure, describing the noncommutativity, the SW map is naturally interpreted in terms of the corresponding Dirac structure. Thus NC gauge theories can be naturally interpreted within the generalized geometry. Since the Darboux transformation relating the deformation of a symplectic structure with a diffeomorphism symmetry is one of the pillars for emergent gravity, we think that the emergent gravity from NC gauge fields can be formulated in a natural way within the framework of generalized geometry. It will be interesting to inquire further into this idea.
